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Kato-Nakayama’s comparison theorem and analytic
log etale topoi
Yukiyoshi Nakkajima ∗
Abstract: In this paper we study topics related to one of Kato-Nakayama’s compar-
ison theorems in [KN] using analytic log etale topoi.
Key words: Kato-Nakayama’s comparison theorem, log Kummer sequences, log
exponential sequences, analytic log etale topoi.
1 Introduction
In [KN] Kato and Nakayama have proved the following comparison theorem (cf. [Il,
(5.9)]):
Theorem 1.1 ([KN, (0.2) (1); log etale vs. log Betti]). Let X be an fs(=fine
and saturated) log scheme over C whose underlying scheme is locally of finite type
over C. Let X logan be the real blow up of the analytification Xan of X ([KN]). Let
D+c-tor(X
log
et ) be the derived category of bounded below complexes of abelian sheaves in
X˜ loget whose cohomology sheaves are constructible ([KN]) and torsion. Let K
• be an
object of D+c-tor(X
log
et ). Let K
• log
an be the inverse image of K
• in X˜ logan . Then there
exists a canonical isomorphism
Hh(X loget ,K
•)
∼−→ Hh(X logan ,K• logan ) (h ∈ Z).
In this paper, for an fs log analytic space Y over C, we introduce a new topos Y˜ loget
of Y (Y˜ loget is an analytic analogue of X˜
log
et ) and we prove the following:
Theorem 1.2. (1) (analytically log etale vs. log Betti) Let D+lcl-tor(Y
log
et ) be
the derived category of bounded below complexes of abelian sheaves in Y˜ loget whose
cohomology sheaves are locally classical and torsion (see (3.5) below for the definition
of a locally classical abelian sheaf). Let K• be an object of D+lcl-tor(Y
log
et ). Let K
• log
be the inverse image of K• in Y˜ log. Then there exists a canonical isomorphism
Hh(Y loget ,K
•)
∼−→ Hh(Y log,K• log) (h ∈ Z).
∗2000 Mathematics subject classification number: 14F20.
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(2) (GAGA: algebraically log etale vs. analytically log etale) Let the no-
tations be as in (1.1). Let K•an be the inverse image of K
• in (˜Xan)
log
et . Then there
exists a canonical isomorphism
Hh(X loget ,K
•)
∼−→ Hh((Xan)loget ,K•an) (h ∈ Z).
Let D+c-tor(Y
log
et ) be the derived category of bounded below complexes of abelian
sheaves in Y˜ loget whose cohomology sheaves are constructible and torsion (see (3.4) be-
low for the definition of a constructible abelian sheaf in Y˜ loget ). Then we shall see that
we have a natural functor D+c-tor(X
log
et ) −→ D+c-tor((Xan)loget ) (if
◦
X is quasi-compact
and quasi-separated) and an inclusion D+c-tor(Y
log
et ) ⊂ D+lcl-tor(Y loget ). Consequently, by
(1.2) (1) and (2), we immediately reobtain (1.1), which is another proof of [KN, (0.2)
(1)].
The theorem (1.2) (1) prompts us to say roughly that the abstract topos Y˜ loget can
replace the topological space Y log and conversely that the concrete topological space
Y log represents the topos Y˜ loget . The theorem (1.2) (2) is a theorem of GAGA type.
Though (1.2) (1) and (2) tempt us to say that X˜ loget , (˜Xan)
log
et and X˜
log
an are the same
topoi for the calculations of the cohomologies of bounded below complexes of abelian
sheaves whose cohomology sheaves are constructible and torsion, I think that (˜Xan)
log
et
is more closely connected with X˜ loget than X˜
log
an in general by taking (4.10) (1) below
(see also (4.10) (3) and (4.11) below) into account.
The contents of this paper are as follows.
In §2 we introduce Y˜ loget . The topos Y˜ loget plays a key role in almost all parts of
this paper. In particular, a key abelian sheaf MgpY,log defined in §2 (MgpY,log is an
analytic analogue of MgpX,log defined in [KN]) lives in Y˜ loget (not in Y˜ log). In §3 we
give a proof of (1.2) (1) by using the analytic log Kummer sequence; in §4 we give a
proof of (1.2) (2). In fact we prove a base change theorem which is a generalization of
(1.2) (2). Motivated by (1.2) (2), we give a logarithmic version of Grauert-Remmert’s
theorem in the end of §4. In §5 and §6, using MgpXan,log, we obtain a commutative
diagram (6.5.1) below which compares three calculations of certain two higher direct
images by the use of the analytic and algebraic log Kummer sequences and by the
use of the log exponential sequence in [KN]. The starting purpose in writing this
paper was to give the commutative diagram because it is necessary in [Nakk] for the
determination of the delicate sign before the Cˇech-Gysin morphism appearing in the
boundary morphism of the E1-terms of the l-adic weight spectral sequence in [Nak2]
from the analogous determination in [Nakk] for the ∞-adic weight spectral sequence
essentially obtained in [FN].
Acknowledgment. I am very thankful to C. Nakayama for explaining to me the
detail of an argument in the proof of [KN, (2.6)]. Without his explanation, I would
misunderstand it.
Notation. (1) For a log scheme (resp. log analytic space over C) X in the sense
of Fontaine-Illusie-Kato ([K], (resp. [KN])), we denote by
◦
X the underlying scheme
(resp. underlying analytic space) of X and by MX the log structure of X . For a
morphism f : X −→ Y of log schemes (resp. log analytic spaces over C),
◦
f :
◦
X −→
◦
Y
denotes the underlying morphism of f between schemes (resp. analytic spaces over
2
C). For a scheme (resp. analytic space over C) Y , we denote simply by Y the trivial
log scheme (resp. trivial log analytic space) (Y,O∗Y ).
(2) The word “etale” in this paper means the word “e´tale” in French.
Conventions. (1) ([BBM, 0.3.2]) Let C be an exact additive category. For a short
exact sequence
0 −→ (E•, d•E)
f−→ (F •, d•F )
g−→ (G•, d•G) −→ 0
of bounded below complexes of objects in C, let (E•[1], d•E [1]) ⊕ (F •, d•F ) be the
mapping cone of f . We fix an isomorphism “(E•[1], d•E [1]) ⊕ (F •, d•F ) ∋ (x, y) 7−→
g(y) ∈ (G•, d•G)” in the derived category D+(C).
(2) ([BBM, 0.3.2]) Under the situation (1), the boundary morphism (G•, d•G) −→
(E•[1], d•E[1]) in D
+(C) is the following composite morphism
(G•, d•G)
∼←− (E•[1], d•E[1])⊕ (F •, d•F )
proj.−→ (E•[1], d•E [1])
(−1)×−→ (E•[1], d•E [1]).
(3) Let (T ,A) be a ringed topos. Let (T•,A•) := (Tt,At)t∈N be a constant sim-
plicial ringed topos defined by (T ,A): Tt = T , At = A. Let M be a complex
of A•-modules. The complex M defines a double complex M•• = (M t•)t∈N of A-
modules whose boundary morphisms will be fixed in (1.2.1) below (Our convention
on the place of cosimplicial degrees is different from that in [D, (5.1.9) IV].). Let
s(M) be the single complex
⊕
t+s=nM
ts with the following boundary morphism:
(1.2.1) d(xts) =
t+1∑
i=0
(−1)iδi(xts) + (−1)tdM (xts) (xts ∈M ts),
where dM : M
ts −→ M t,s+1 is the boundary morphism arising from the boundary
morphism of the complex M and δi : M
ts −→ M t+1,s (0 ≤ i ≤ t + 1) is a standard
coface morphism. The convention on signs in (1.2.1) is different from that in [D,
(5.1.9.2)].
2 Analytic log etale topoi
First we recall a well-known method ([SGA 4-3, XI 4]) quickly to fix our ideas.
Let T be a topological space. Let Tcl be a site defined by the following:
(2.0.1) An object of Tcl is a local isomorphism U −→ T of topological spaces.
(2.0.2) A morphism in Tcl is a morphism of topological spaces over T .
(2.0.3) A family {Uλ −→ U}λ of morphisms in Tcl is called a covering if the union
of the images of Uλ’s is U ; the coverings define a Grothendieck pretopology and hence
a Grothendieck topology on the category Tcl.
Let Y be an fs log analytic space over C in the sense of [KN, §1]. Let Y log be the
real blow up of Y ([KN, (1.2)]). Let Y logcl be the site above for the topological space
Y log. Let Y˜ log and
◦˜
Y be the topoi defined by the classical topologies of Y log and
◦
Y ,
respectively. Then we have natural morphisms ǫcl : Y˜
log
cl −→
◦˜
Y cl, ǫtop : Y˜
log −→
◦˜
Y ,
µlog : Y˜ logcl −→ Y˜ log and µ :
◦˜
Y cl −→
◦˜
Y of topoi fitting into the following commutative
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diagram
(2.0.4)
Y˜ logcl
µlog−−−−→ Y˜ log
ǫcl
y
yǫtop
◦˜
Y cl
µ−−−−→
◦˜
Y .
We sometimes denote ǫcl by ǫY log .
Let MYcl := µ−1(MY ) (resp. OYcl := µ−1(OY )) be the sheaf of log structures
(resp. the structure sheaf) in
◦˜
Y cl. Henceforth, in this paper, we consider
◦˜
Y cl, Y˜
log
cl ,
MYcl and OYcl in almost all cases, and we denote them simply by
◦˜
Y , Y˜ log, MY and
OY , respectively, as in [KN] unless stated otherwise.
Next, let us introduce a topos Y˜ loget .
As in [K, (3.1)], we can define the exact closed immersion of fine log analytic
spaces over C. Let
(2.0.5)
T0 −−−−→ U
∩
y
yf
T −−−−→ V
be a commutative diagram of fine log analytic spaces over C, where the left vertical
morphism is an exact closed immersion defined by a nilpotent quasi-coherent ideal
sheaf of OT . As in [K, (3.3)], we say that f is log smooth (resp. log etale) if there exists
a (resp. unique) morphism T −→ U locally which makes the resulting two diagrams
commutative. (In the (log) analytic case, we do not assume that
◦
f is locally of finite
presentation.) As usual, the properties of the log smoothness and the log etaleness
are stable under the composition of morphisms and the base change in the category
of fine log analytic spaces over C (We can prove that the fiber product exists in the
category of fine log analytic spaces over C using the classical result of the existence
of the fiber product in the category of analytic spaces over C; we can also prove the
existence of the fiber product in the category of fs log analytic spaces over C.).
The proof below for local descriptions of log smooth and etale morphisms in the
(log) analytic case are slightly different from the proof of [K, (3.5)] in the log algebraic
case (we need to give care to the convergence):
Proposition 2.1. Let f : U −→ V be a morphism of fine log analytic spaces over C.
Then the following conditions (1) and (2) are equivalent:
(1) f is log smooth (resp. log etale).
(2) There exists a local chart Q −→ P of f satisfying the following conditions (a)
and (b) :
(a) the morphism Qgp ⊗Z Q −→ P gp ⊗Z Q is injective (resp. isomorphic).
(b) The locally induced morphism
◦
U −→
◦
V ×Spec(C[Q])an Spec(C[P ])an is locally
isomorphic as analytic spaces over C.
Proof. (2)=⇒(1): Because the morphism U −→ V×(Spec(C[Q])an,Qa)(Spec(C[P ])an, P a)
is log etale in our sense by the easy implication of (2.2) (2) below, we have only to
prove that the morphism (Spec(C[P ])an, P a) −→ (Spec(C[Q])an, Qa) is log smooth
(resp. log etale). Consider the commutative diagram (2.0.5) for this morphism and
let t0 : T0 −→ (Spec(C[P ])an, P a) be the morphism. By the same proof as that of [K,
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(3.4)], we have an (resp. unique) extension homomorphism P −→MT of P −→MT0
andQ −→MT . For a point x ∈
◦
T 0, letmx andm0,x be the maximal ideals ofOT,x and
OT0,x, respectively. Since we have the composite morphism
◦
T 0
t0−→ Spec(C[P ])an π−→
Spec(C[P ]) of local ringed spaces and since OT,x/mx = OT0,x/m0,x, the induced mor-
phism (πt0)
−1(C[P ]) −→ OT by the morphism P −→ MT extends to a morphism
◦
T −→ Spec(C[P ])an by the universality of the analytification ([SGA 1, XII (1.1)]).
Consequently we have a (resp. unique) desired morphism T −→ (Spec(C[P ])an, P a).
(1)=⇒(2): Assume that f is log smooth. We may assume that there exists a global
chart Q −→ OV of V .
Let Λ1U/V be the sheaf of log differential forms on U/V defined similarly in [K,
(1.7)] (see also [Fr] for the semistable case and [KN, (3.5)] for the absolute case). Let
L be an OU -module of finite type. Let |U | be the underlying topological space of U .
Let
◦
U(L) := (|U |,OU ⊕ L) be an analytic space over C, where we endow OU ⊕ L
with a natural structure of a sheaf of rings by defining L2 = 0. Let ι :
◦
U
⊂−→
◦
U(L)
be a closed immersion and endow
◦
U(L) with the log structure ι∗(MU ). Let U(L) be
the resulting fine log analytic space over C. For a surjective morphism L −→ L0 of
OU -modules of finite type, we have a closed immersion U(L0) ⊂−→ U(L) of fine log
analytic spaces over C. Then, using the definition of the smoothness and the standard
deformation theory (cf. [SGA 1, III (5.1)]), we easily see that the natural morphism
HomOU (Λ
1
U/V ,L) −→ HomOU (Λ1U/V ,L0) is locally surjective. Hence Λ1U/V is a locally
projective OU -module of finite type. Let x ∈
◦
U be a point and let d log t1, . . . , d log tr
(t1, . . . , tr ∈ MU,x, r ∈ N) be a basis of Λ1U/V,x (If f is log etale, we easily see that
Λ1U/V = 0 by the standard log deformation theory (cf. [SGA 1, III (5.1)]).). Then,
as in the proof of [K, (3.5)], by using a natural morphism Nr ⊕ Q −→ MU,x and a
well-defined surjective morphism
Λ1U/V,x ∋ d log a 7−→ 1⊗ a ∈ κ(x)⊗Z (MgpU,x/O∗U,xIm(
◦
f−1(M
V,
◦
f(x)
))) (a ∈MU,x),
we have a surjective morphism C ⊗Z (Zr ⊕ Qgp) −→ C ⊗Z (MgpU,x/O∗U,x). Because
MgpU,x/O∗U,x is torsion-free, there exists a surjective homomorphismA −→MgpU,x/O∗U,x,
where A is an abelian group which has Zr ⊕ Qgp as a subgroup of finite index. Let
P ⊂ A be the inverse image ofMU,x/O∗U,x. Then P is a local chart ofMU at a neigh-
borhood of x (cf. [K, (2.10)]). It is clear that the morphism OU,x ⊗Z (P gp/Qgp) ∋
a⊗m 7−→ ad logm ∈ Λ1U/V,x is an isomorphism of OU,x-modules.
Set W := (
◦
V ×Spec(C[Q])an Spec(C[P ])an, P a). Then the natural morphism W −→
V is log smooth by the implication (2)=⇒(1). Let π : U −→ W be also the natural
morphism. We claim that the following morphism
(2.1.1)
O
W,
◦
π(x)
⊗Z (P gp/Qgp) ∋ a⊗m 7−→ ad logm ∈ Λ1
W/V,
◦
π(x)
(a ∈ O
W,
◦
π(x)
,m ∈ P )
of O
W,
◦
π(x)
-modules is an isomorphism. (For a homomorphism R −→ S of commu-
tative monoids with unit elements and for a point y of Spec(C[S])an, I do not know
whether
Λ1(Spec(C[S])an,Sa)/(Spec(C[R])an,Ra),y ≃ OSpec(C[S])an,y ⊗Z (Sgp/Im(Rgp −→ Sgp))
because I do not know whether there exists a derivation
OSpec(C[S])an,y −→ OSpec(C[S])an,y ⊗Z (Sgp/Im(Rgp −→ Sgp))
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which extends the algebraic derivation
C[S] ∋ m 7−→ m⊗m ∈ C[S]⊗Z (Sgp/Im(Rgp −→ Sgp)) (m ∈ S).)
Set P ′ := Nr ⊕ Q and W ′ := (
◦
V ×Spec(C[Q])an Spec(C[P ′])an, P ′a). Then the natural
morphism P ′gp ⊗Z Q −→ P gp ⊗Z Q is an isomorphism. Hence the natural morphism
p : W −→W ′ is log etale by the implication (2)=⇒(1). Furthermore, Spec(C[P ′])an =
(A1
C
, (N ∋ 1 7−→ z ∈ OA1
C
)a)r × (Spec(C[Q])an, Qa), where A1C(= C) is the line and
z is the holomorphic function id: C −→ C. Hence Λ1
W ′/V,
◦
p(
◦
π(x))
≃ O
W ′,
◦
p(
◦
π(x))
⊗Z
(P ′gp/Qgp) = O
W ′,
◦
p(
◦
π(x))
⊗Z (P gp/Qgp). As in the algebraic case ([K, (3.12)]), for
morphisms g : X −→ Y and h : Y −→ Z of fine log analytic spaces over C, we have
the following exact sequence
(2.1.2) g∗(Λ1Y/Z) −→ Λ1X/Z −→ Λ1X/Y −→ 0.
As in the algebraic case ([K, (3.12)]), as to the following conditions (i) and (ii),
(i) g is log smooth (resp. log etale),
(ii) g∗(Λ1Y/Z) is a local direct factor of Λ
1
X/Z (resp. g
∗(Λ1Y/Z)
∼−→ Λ1X/Z),
the following implications hold: (i)=⇒(ii); if h◦g is log smooth, then (ii)=⇒(i). Since
p is log etale, Λ1
W/V,
◦
π(x)
= p∗(Λ1W ′/V )◦π(x) = OW,◦π(x) ⊗Z (P gp/Qgp). Therefore we
have proved that the morphism (2.1.1) is an isomorphism.
Now it is clear that Λ1U/V,x = π
∗(Λ1
W/V,
◦
π(x)
) and consequently the morphism
U −→ W is log etale by the implication (ii)=⇒(i). Since MU is the pull-back of
MW , the morphism (
◦
U,O∗U ) −→ (
◦
W,O∗W ) is etale in our sense. The rest that we
have to prove is that the morphism
◦
U −→
◦
W is locally isomorphic, which follows
from the following lemma (2.2) (2) whose proof is not trivial. (Though the following
lemma may be well-known (see [EGA IV-4] and [SGA 1] for the algebraic case), we
give the proof of it because we cannot find an appropriate reference in the analytic
case.)
Lemma 2.2. Let the notations be as above. Assume that the log analytic spaces T0,
T , U and V are trivial. Then the following hold:
(1) Assume that f is smooth(:=log smooth in our sense). Then f is flat.
(2) The morphism f is etale(:=log etale in our sense) if and only if f is locally
isomorphic as a morphism of analytic spaces.
Proof. (1): (The proof of (1) is similar to that in [EGA IV-4, (17.5.1)].) By the proof
of (2.1), Ω1U/V is a locally projective OU -module of finite type. Let x be a point of U
and let y ∈ V be the image of x by f . Let C{u1, . . . , un} be the ring of convergent
series in n-variables over C. Then it is well-known that C{u1, . . . , un} (n ∈ N) is a
noetherian regular local ring. By the definition of an analytic space over C, there
exist nonnegative integers m and n such that OU,x = C{u1, . . . , um}/Ix and OV,y =
C{v1, . . . , vn}/Iy for some ideals Ix and Iy of C{u1, . . . , um} and C{v1, . . . , vn}, re-
spectively. The morphism OV,y −→ OU,x induces a surjection
p : C{u1, . . . , um, v1, . . . , vn}/IyC{u1, . . . , um, v1, . . . , vn} −→ OU,x.
Let I be the kernel of this surjection. Set
OV,y{u} := C{u1, . . . , um, v1, . . . , vn}/IyC{u1, . . . , um, v1, . . . , vn}.
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Then we claim that the natural morphism
(2.2.1) I/I2 ∋ t 7−→ dt⊗ 1 ∈ Ω1OV,y{u}/OV,y ⊗OV,y{u} OU,x
has a left inverse. Indeed, the following exact sequence
0 −−−−→ I/I2 −−−−→ OV,y{u}/I2 p−−−−→ OU,x −−−−→ 0
ofOV,y-modules is split since U −→ V is smooth and sinceOV,y{u}/I2 defines a closed
analytic space V × (An
C
)an in a neighborhood of (x,O). Let s : OU,x −→ OV,y{u}/I2
be a section of p. It is easy to check that (id − s ◦ p) : OV,y{u}/I2 −→ I/I2 is a
derivation over OV,y. Since (id−s◦p)|I/I2 = idI/I2 , the derivation gives a desired left
inverse of the morphism (2.2.1). Therefore, by [EGA IV-1, Chapitre 0 (19.1.12)], there
exist a generator {fj}j∈J of finite elements of I which generate I/I2 and a subset
{uj}j∈J ⊂ {u1, . . . , um} such that det(∂fi/∂uj)i,j∈J /∈ m, where m is the maximal
ideal of OV,y{u}.
By noting that the ring C{u1, . . . , um} is a noetherian regular local ring, the rest
of the proof of (1) is similar to that of the implication a)=⇒b) in [EGA IV-4, (17.5.1)]:
we directly use [EGA III-1, Chapitre 0 (10.2.4)] instead of [EGA IV-3, (11.3.8)] used
in [EGA IV-4, (17.5.1)].
(2): =⇒): By the standard deformation theory (cf. [SGA 1, III (5.1)]), we have
Ω1U/V = 0. As in [EGA IV-4 (17.4.1)] or [M, I (3.5)], the condition Ω
1
U/V = 0 implies
that f is unramified in the classical sense. Consequently f is etale in the classical
sense by (1). Hence f is locally isomorphic by [C] mentioned in [SGA 1, XII (3.3) a)].
The converse implication of (2) is obvious since T0 = T as topological spaces.
Remark 2.3. As in the algebraic case [K, (3.6)], we can replace (a) in (2.1) by the
following condition (a)′:
(a)′ the morphism Qgp −→ P gp is injective (resp. and the morphism Qgp⊗ZQ −→
P gp ⊗Z Q is surjective).
As in [Nak1, (2.1.2) (iii)], we can define a Kummer morphism of fs log analytic
spaces over C. The composite morphisms of two Kummer morphisms is of Kummer
type.
Proposition 2.4 (cf. [V, (1.2)]). Let f : U −→ V be a morphism of fine log analytic
spaces over C. Then the following conditions (1) and (2) are equivalent:
(1) f is log etale and of Kummer type.
(2) There exists a local chart Q −→ P of f satisfying the following conditions
(a)1, (a)2 and (b) in (2.1) :
(a)1 P and Q are saturated.
(a)2 The morphism Q −→ P is injective and there exists a positive integer n such
that Pn ⊂ Im(Q −→ P ).
Proof. By the proof of (2.1) and by the analytic analogue of [K, (2.10)], we easily
obtain (2.4).
As in [K, (4.6)], we can define an exact morphism of fs log analytic spaces over
C. The composite morphism of two exact morphisms is exact. One can check by
elementary calculations that the exactness is stable under the base change in the
category of fine log analytic spaces over C and in that of fs log analytic spaces over
C.
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Corollary 2.5. For a morphism f : U −→ V of fs log analytic spaces over C, f is
log etale and of Kummer type if and only if f is log etale and exact. Consequently,
the log etaleness of Kummer type is stable under the base change in the category of fs
log analytic spaces over C.
Proof. (2.5) immediately follows from (2.4).
Let Y be an fs log analytic space over C. By (2.5), we obtain a topos Y˜ loget which
is the obvious analogue of the log etale topos of an fs log scheme ([Nak1, (2.2)]). In
particular, for the trivial log analytic space (
◦
Y ,O∗Y ), we obtain the topos
◦˜
Y et. We
call Y˜ loget the (analytic) log etale topos of Y . As in [Nak1, (2.5)], we obtain the notion
of the log geometric point of the topos Y˜ loget .
By using the local description of a Kummer log etale morphism f : U −→ V of fs
log analytic spaces over C ((2.4)) and using [KN, (1.3) (3)] and [KN, (1.2.1.1)], the
associated morphism f log : U log −→ V log is a local isomorphism of topological spaces
by the same proof as that of [KN, (2.2)]. Hence we have a natural morphism
(2.5.1) β : Y˜ log −→ Y˜ loget
of topoi. We often denote β by βY . We also have a natural morphism
(2.5.2) ǫan : Y˜
log
et −→
◦˜
Y et
of topoi. We sometimes denote ǫan by ǫY . We have the following commutative diagram
(2.5.3)
Y˜ log
βY−−−−→ Y˜ loget
ǫcl
y
yǫan
◦˜
Y
β◦
Y−−−−→
◦˜
Y et.
The direct image β ◦
Y ∗
is an exact functor from the category of abelian sheaves in
◦˜
Y
to the category of abelian sheaves in
◦˜
Y et by [M, III (3.3)] and commutes with the
tensor product over Z. It is trivial to check that Rβ ◦
Y ∗
β−1◦
Y
∼←− id. More generally,
(2.5.4) β ◦
Y ∗
β−1◦
Y
= id and β−1◦
Y
β ◦
Y ∗
= id
on the category of sheaves of sets in
◦˜
Y et and
◦˜
Y , respectively. LetMY,log be a sheaf of
monoids in Y˜ loget which is associated to the presheaf U 7−→ Γ(U,MU ) (U ∈ Y loget ). Let
OY,log be the structure sheaf in Y˜ loget . Then we have a natural commutative diagram
(2.5.5)
ǫ−1an β ◦
Y ∗
(MY ) −−−−→ MY,logy
y
ǫ−1an β ◦
Y ∗
(OY ) −−−−→ OY,log.
Denote (MY,log)gp simply by MgpY,log.
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3 Proof of (1.2) (1)
In this section we give the proof of (1.2) (1).
Let the notations be as in §2. The following is an analogue of [KN, (2.3)]:
Lemma 3.1 (Analytic log Kummer sequence). For a positive integer m, the
following sequence
(3.1.1) 0 −→ (Z/m)(1) −→MgpY,log
m×−→MgpY,log −→ 0
is exact in Y˜ loget .
Proof. The obvious analytic analogue of the proof of [KN, (2.3)] works.
The natural morphism ǫ−1an β ◦
Y ∗
(MY ) −→MY,log induces a morphism
(3.1.2) ǫ−1cl (MY ) −→ β−1Y (MY,log)
by (2.5.3) and (2.5.4).
Proposition 3.2. Let m be a positive integer. Let E be an m-torsion abelian sheaf
in
◦˜
Y . Then the canonical morphism
(3.2.1)
k∧
(MgpY /O∗Y )⊗Z (Z/m)(−k)⊗Z E−→Rkǫcl∗(ǫ−1cl (E)) (k ∈ Z≥0)
by the use of (3.1.1) and (3.1.2) as in the paragraph between [KN, (2.3)] and [KN,
(2.4)] is an isomorphism.
Proof. The proof is the same as that of [KN, (1.5)].
Proposition 3.3. Let m be a positive integer. Let E be an m-torsion abelian sheaf
in
◦˜
Y et. Then there exists a canonical isomorphism
(3.3.1) β ◦
Y ∗
{
k∧
(MgpY /O∗Y )} ⊗Z (Z/m)(−k)⊗Z E
∼−→ Rkǫan∗(ǫ−1an (E)) (k ∈ Z≥0).
Proof. As we said before, we have the notion of the log geometric point of the topos
Y˜ loget . By using the analytic log Kummer sequence (3.1.1), the obvious analytic ana-
logue of the proof of [KN, (2.4)] works.
We say that a log analytic space U over C is affine if
◦
U is isomorphic to a closed
analytic space of a polydisk over C.
The following is an analytic analogue of an algebraic constructible sheaf in a log
etale topos in [Nak1, (3.3) 8].
Definition 3.4. (1) Let f : Z −→ Y be a morphism of fs log analytic spaces over C.
We say that f is of log finite type if, for any affine open log analytic space U of Y
which has a global chart P of MU , f−1(U) is the union of a finite number of open
log analytic spaces Vi’s of Z which have global charts P −→ Qi of f |Vi : Vi −→ U .
(2) Let A be a commutative ring with unit element. LetK be a sheaf of A-modules
in Y˜ loget . We say that K is constructible if, for any affine open log analytic subspace U
of Y , there exist objects V andW of U loget such that the structural morphisms V −→ U
and W −→ U are of log finite type and such that K|U is isomorphic to the cokernel
of a morphism AV,U −→ AW,U , where AV,U := jV !(AV ) and AW,U := jW !(AW ) for
the structural morphisms jV : V −→ U and jW : W −→ U , respectively.
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Definition 3.5. Let K be an abelian sheaf in Y˜ loget . We say that K is classical
(resp. classically constructible) if there exists an abelian sheaf (resp. constructible
abelian sheaf) E in
◦˜
Y et such that K is isomorphic to ǫ
−1
Y (E). We say that K is
locally classical (resp. locally classically constructible) if, for any point y of
◦
Y , there
exists an object U −→ Y of Y loget whose image in Y contains y and if K|U is classical
(resp. classically constructible). Let D+lcl-tor(Y
log
et ) (resp. D
+
lclc-tor(Y
log
et )) be the derived
category of bounded below complexes of abelian sheaves in Y˜ loget whose cohomology
sheaves are locally classical and torsion (resp. locally classically constructible and
torsion). We obtain the similar notions in the algebraic case.
Proposition 3.6. Let A be a commutative ring with unit element. Let K be a con-
structible sheaf of A-modules in Y˜ loget . Then K is locally classically constructible. In
particular, D+c-tor(Y
log
et ) ⊂ D+lclc-tor(Y loget ). The obvious algebraic analogue also holds.
Proof. By using (2.4), the proof is the same as that of [KN, (2.5.2)].
Theorem 3.7. The adjunction morphism
(3.7.1) K• −→ RβY ∗(β−1Y (K•))
for an object K• in D+lcl-tor(Y
log
et ) is an isomorphism. Consequently (1.2) (1) holds.
Proof. We may assume that K• is a locally classical torsion abelian sheaf K in Y˜ loget .
By the lemma (3.8) (3) below, we may assume that K is killed by a positive integer
m. Because the question is local, we may furthermore assume that K = ǫ−1an (E) for
some m-torsion abelian sheaf E in
◦˜
Y et. By (3.3) and (3.2), we see that the adjunction
morphism id −→ RβY ∗β−1Y induces an isomorphism
(3.7.2) Rǫan∗(ǫ
−1
an (E))
∼−→ Rβ ◦
Y ∗
Rǫcl∗(ǫ
−1
cl β
−1
◦
Y
(E)).
The same argument as that in [KN, p. 172, l. 1–7] tells us that (3.7.2) shows (3.7).
The following (3) is not included in a general theorem [SGA 4-2, VI (5.1)] since
Y˜ loget is not algebraic in general.
Lemma 3.8. (1) Let {Fλ}λ∈Λ be an inductive system of abelian sheaves in Y˜ log.
Then
(3.8.1) lim−→
λ∈Λ
Rǫcl∗(Fλ) = Rǫcl∗(lim−→
λ∈Λ
Fλ).
(2) Let {Fλ}λ∈Λ be an inductive system of abelian sheaves in Y˜ loget . Then
(3.8.2) lim−→
λ∈Λ
Rǫan∗(Fλ) = Rǫan∗(lim−→
λ∈Λ
Fλ).
(3) Let {Fλ}λ∈Λ be an inductive system of abelian sheaves in Y˜ log. Then
(3.8.3) lim−→
λ∈Λ
RβY ∗(Fλ) = RβY ∗(lim−→
λ∈Λ
Fλ).
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Proof. (1): By the proper base change theorem for locally compact spaces ([Go, II
(4.11.1)]), we may assume that
◦
Y is a point. Then Y log = (S1)r for some r ∈ N
([KN, (1.3)]). Since S1 is compact, the cohomology of an abelian sheaf with compact
support on Y log and the usual cohomology of an abelian sheaf on Y log are the same.
Because to take the direct limit of abelian sheaves and to take the cohomology with
compact support are commutative ([Go, II (4.11.2)], [Iv, III (5.1)]), we obtain (1).
(2): The question is local on
◦
Y et. Hence we may assume that Y has a global chart
P −→ OY . In this case, we can calculate the higher direct image Rhǫan∗ (h ∈ N)
by the sheafied version of the cohomology of the group Hom(P gp, Zˆ(1)) as in the
algebraic case in [Nak1, (4.7.1)]. Hence (2) follows.
(3): As in the argument in [KN, p. 172, l. 1–7], we have only to prove that
(3.8.4) Rǫan∗ lim−→
λ∈Λ
RβY ∗(Fλ) = Rǫan∗RβY ∗(lim−→
λ∈Λ
Fλ).
By (1) and (2) and by the quasi-equivalence of β ◦
Y ∗
, the left hand side on (3.8.4) is
equal to
lim−→
λ∈Λ
Rǫan∗RβY ∗(Fλ) = lim−→
λ∈Λ
Rβ ◦
Y ∗
Rǫcl∗(Fλ)
= Rβ ◦
Y ∗
Rǫcl∗(lim−→
λ∈Λ
Fλ)
= Rǫan∗RβY ∗(lim−→
λ∈Λ
Fλ).
Because I do not know whether a log exponential sequence in Y˜ loget exists when
MY is nontrivial, I do not know the answer of the following problem:
Problem 3.9. Let D+lcl(Y
log
et ) be the derived category of bounded below complexes
of abelian sheaves in Y˜ loget whose cohomology sheaves are locally classical. Is the
adjunction morphism (3.7.1) isomorphic for an object K• in D+lcl(Y
log
et )?
4 Proof of (1.2) (2)
In this section we give a base change theorem (4.6) below which is a generalization of
(1.2) (2).
Let X be an fs log scheme over C whose underlying scheme is locally of finite type
over C. Let OX and OXan be the structure sheaves in
◦˜
Xet and
◦˜
Xan, respectively.
Let MX be the log structure in
◦˜
Xet. Let η :
◦˜
Xan −→
◦˜
Xet be the natural morphism
of topoi. Let η∗(MX) be the log structure on
◦
Xan which is associated to the com-
posite morphism η−1(MX) −→ η−1(OX) −→ OXan . As in [KN], we call the fs log
analytic space Xan := (
◦
Xan, η
∗(MX)) the log analytic space associated to X . We call
η∗(MX)(=: MXan) the analytification of MX . Also, as in [KN], X logan denotes the
real blow up of Xan.
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Let ηlog : X˜ logan −→ X˜ loget be the natural morphism of topoi ([KN, (2.1), (2.2)]).
Then we have the following commutative diagram of topoi ([KN, p. 171]):
(4.0.1)
X˜ logan
ηlog−−−−→ X˜ loget
ǫcl
y
yǫet
◦˜
Xan
η−−−−→
◦˜
Xet.
We sometimes denote ǫet by ǫX , and η
log and η by ηlogX and ηX , respectively.
Lemma 4.1. Let f : U −→ V be a morphism of fs log schemes over C whose under-
lying schemes are locally of finite type over C. Let fan : Uan −→ Van be the associated
morphism of fs log analytic spaces over C. If f is log etale and of Kummer type, then
fan is so.
Proof. By the local descriptions of algebraic and analytic log etale morphisms of
Kummer type ([K, (3.5)] (cf. [Nak1, p. 369], [V, (1.2)]), (2.4)), (4.1) immediately
follows.
Because a functor U 7−→ Uan (U ∈ X loget ) defines a continuous functor X loget −→
(Xan)
log
et by (4.1), we have a morphism
(4.1.1) ηet : (˜Xan)
log
et −→ X˜ loget
of topoi. We often denote ηet by ηX,et. Then we have the following commutative
diagram:
(4.1.2)
X˜ logan
βXan−−−−→ (˜Xan)loget
ηX,et−−−−→ X˜ loget
ǫcl
y ǫan
y ǫet
y
◦˜
Xan
β ◦
Xan−−−−→ ˜(
◦
Xan)et
η◦
X,et−−−−→
◦˜
Xet.
By the definition of ηlog and η, we have two equalities:
(4.1.3) ηlog = ηX,et ◦ βXan , η = η ◦
X,et
◦ β ◦
Xan
.
Proposition 4.2. Let A be a commutative ring with unit element. Assume that
◦
X is
quasi-compact and quasi-separated. Then, for a constructible sheaf K of A-modules in
X˜ loget , η
−1
X,et(K) is a constructible sheaf of A-modules in (˜Xan)
log
et . Consequently η
−1
X,et
induces a functor D+c-tor(X
log
et ) −→ D+c-tor((Xan)loget ).
Proof. The proof is easy.
For a log scheme X and a log analytic space Y over C, D+(X loget ) and D
+(Y loget )
denote the derived categories of bounded below complexes of abelian sheaves in X˜ loget
and Y˜ loget , respectively.
Lemma 4.3. Let g : Z −→W be a morphism of analytic spaces over C. As in §2, Z˜
and W˜ denote Z˜cl and W˜cl, respectively. Let βZ : Z˜ −→ Z˜et and βW : W˜ −→ W˜et be
the morphisms of topoi defined in (2.5.1) for the trivial log analytic spaces Z and W ,
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respectively. Let gcl : Z˜ −→ W˜ and g : Z˜et −→ W˜et be the induced morphisms of topoi
by g : Z −→ W . Let G• be an object of D+(Zet). Then the following base change
morphism
(4.3.1) β−1W Rg∗(G
•) −→ Rgcl∗(β−1Z (G•))
is an isomorphism.
Proof. We may assume that G• is an abelian sheaf G in Z˜et. Let G
′ −→ H ′ be a
morphism of abelian sheaves in W˜ . Then this morphism is an isomorphism if and
only if so is the induced morphism βW∗(G
′) −→ βW∗(H ′). Hence it suffices to prove
that the morphism
(4.3.2) βW∗β
−1
W Rg∗(G) −→ βW∗Rgcl∗(β−1Z (G))
is an isomorphism. The left hand side on (4.3.2) is equal to Rg∗(G). On the other
hand, the target of the morphism (4.3.2) is equal to
RβW∗Rgcl∗(β
−1
Z (G)) = Rg∗RβZ∗(β
−1
Z (G)) = Rg∗(G).
Now we complete the proof.
The following is a variant of Artin-Grothendieck’s’ base change theorem ([SGA 4-3,
XVI (4.1)]).
Corollary 4.4. Let g : Z −→W be a morphism of schemes which are locally of finite
type over C. Let ηZ,et : (˜Zan)et −→ Z˜et and ηW,et : (˜Wan)et −→ W˜et be the morphisms
of topoi defined in (4.1.1) for the trivial log schemes Z and W , respectively. Let
gan : (˜Zan)et −→ (˜Wan)et and g : Z˜et −→ W˜et be the induced morphisms of topoi by
g : Z −→ W . Assume that g is of finite type. Let K• be an object of D+c-tor(Zet).
Then the following base change morphism
(4.4.1) η−1W,etRg∗(K
•) −→ Rgan∗(η−1Z,et(K•)).
is an isomorphism.
Proof. We may assume that K• is a constructible torsion abelian sheaf K in Z˜et.
Consider the following commutative diagram:
(4.4.2)
Z˜an
βZan−−−−→ (˜Zan)et
ηZ,et−−−−→ Z˜et
(gan)cl
y gan
y g
y
W˜an
βWan−−−−→ (˜Wan)et
ηW,et−−−−→ W˜et.
Since β−1Wan is exact, it suffices to prove that the morphism
(4.4.3) β−1Wanη
−1
W,etRg∗(K) −→ β−1WanRgan∗(η−1Z,et(K))
is an isomorphism. By (4.3) we see that the target of the morphism (4.4.3) is
equal to R(gan)cl∗((ηZ,etβZan)
−1(K)). By Artin-Grothendieck’s’ base change theo-
rem ([SGA 4-3, XVI (4.1)]), this complex is equal to (ηW,etβWan )
−1Rg∗(K). Now it
is clear that the morphism (4.4.3) is an isomorphism.
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Lemma 4.5. Let f : X −→ Y be a morphism of fs log schemes over C. Assume that
f is strict. Let E• be an object of D+(
◦˜
Xet). Then the following base change morphism
(4.5.1) ǫ−1Y R
◦
f∗(E
•) −→ Rf∗(ǫ−1X (E•))
is an isomorphism. The obvious analogue for the analytic log etale topoi of fs log
analytic spaces over C also holds.
Proof. We may assume that E• is an abelian sheaf E in
◦˜
Xet. Because the question
is local on Y , we may assume that Y has a global chart P , where P is an fs monoid.
Since f is strict, X also has a global chart P . Set I(X) := Homgp(P
gp, Ẑ(1)) as in
[Nak1, p. 376]. Then, by [Nak1, (4.6.1)], the category of abelian sheaves in X˜ loget is
equivalent to the category of I(X)-modules in
◦˜
Xet. The sheaf ǫ
−1
X (E) corresponds
to E with trivial I(X)-action ([Nak1, (4.7) (i)]). Let ǫ−1X (E) −→ I• be an injective
resolution of ǫ−1X (E). Because it is clear that I
• can be considered as an injective
resolution of E, the morphism (4.5.1) is an isomorphism by [Nak1, (4.7) (ii)].
The proof for the analytic case is the same.
The following is a main result of this section.
Theorem 4.6 (Base change theorem). Let f : X −→ Y be a morphism of fs log
schemes over C whose underlying schemes are locally of finite type over C. Assume
that
◦
f is of finite type. Let fan : (˜Xan)
log
et −→ (˜Yan)loget be the associated morphism to
f . Consider the following commutative diagram:
(4.6.1)
(˜Xan)
log
et
ηX,et−−−−→ X˜ loget
fan
y
yf
(˜Yan)
log
et
ηY,et−−−−→ Y˜ loget .
Let K• be an object of D+c-tor(X
log
et ). If f is log injective ([Nak1, (5.5.1)]), then the
following base change morphism
(4.6.2) η−1Y,etRf∗(K
•) −→ Rfan∗(η−1X,et(K•))
is an isomorphism.
Proof. We may assume thatK• is a constructible torsion abelian sheafK in X˜ loget . We
decompose the morphism f by the composite morphism X −→ (
◦
X,
◦
f∗(MY )) −→ Y .
Set Z := (
◦
X,
◦
f∗(MY )) and let g : Z −→ Y be the morphism above.
First we claim that the base change morphism (4.6.2) for g is an isomorphism.
Indeed, let {Zi}i∈I be a Kummer log etale covering of Z such that the pull-backs of K
to Zi for all i ∈ I are classically constructible and torsion ((3.6)). Set Z0 :=
∐
i∈I Zi
and Z• := cosk
Z
0 (Z0) (• ∈ N). By the cohomological descent in [SGA 4-2, Vbis] and
by the same proof as that of the crystalline base change theorem [B, Chapitre V
The´ore`me 3.5.1] (in our proof, we do not need to assume that f is quasi-separated
nor that the index set I is finite because we do not need to consider the derived
functor L in [B]), we have only to prove that the base change morphism (4.6.2)
for each morphism Zn −→ Y (n ∈ N) is an isomorphism. (Here we have used the
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Convention (3) implicitly in the cohomological descent.) Consequently we may assume
that K = ǫ−1Z (G) for a constructible torsion abelian sheaf G in
◦˜
Zet. Then we have
the following formulae
η−1Y,etRg∗(ǫ
−1
Z (G))
(4.5)
= η−1Y,etǫ
−1
Y R
◦
g∗(G) = ǫ
−1
Yan
η−1◦
Y ,et
R
◦
g∗(G)(4.6.3)
(4.4)
= ǫ−1YanR
◦
gan∗(η
−1
◦
Z,et
(G))
(4.5)
= Rgan∗(ǫ
−1
Zan
η−1◦
Z,et
(G))
= Rgan∗(η
−1
Z,etǫ
−1
Z (G)).
Here the numbers above equalities mean that the equalities follow from the statements
numbered. Hence we have proved the claim.
Let h : X −→ Z be the morphism above. Secondly, we claim that the base change
morphism (4.6.2) for h is an isomorphism. In fact we claim that the morphism (4.6.2)
for h is an isomorphism for a bounded below complex of abelian sheaves in X˜ loget .
Indeed, let z be a closed point of
◦
Z(=
◦
X). Because the problem is local on Z, we
may assume that there exists a global chart PZ −→ PX of h, where PZ and PX are
fs monoids. Set IX := Hom(P
gp
X , Zˆ(1)), IZ := Hom(P
gp
Z , Zˆ(1)) and Ih := Ker(IX −→
IZ). Let K be an abelian sheaf in X˜
log
et ; K corresponds to an abelian sheaf K˜ in
◦˜
Xet with continuous IX -action ([Nak1, (4.6.1)]). Then, by [Nak1, (4.7.1)], it is easy
to check that Rqh∗(K)z(log) = Mapc,IX/Ih(IZ , H
q(Ih, K˜z)). On the other hand, by
the analytic analogues of [Nak1, (4.6.1)] and [Nak1, (4.7.1)], Rqhan∗(K)zan(log) =
Mapc,IX/Ih(IZ , H
q(Ih, η
−1
X,et(K˜)zan)) = Mapc,IX/Ih(IZ , H
q(Ih, K˜z)), where zan is the
point of
◦
Zan corresponding to z.
Finally (4.6) follows from [Nak1, (5.5.2)]. Indeed, because f is log injective, so is
h. Hence [loc. cit.] tells us that Rqh∗(K) is constructible, which permits us to use
the base change theorem (4.6) for g as follows:
Rfan∗(η
−1
X,et(K)) = Rgan∗Rhan∗(η
−1
X,et(K)) = Rgan∗η
−1
Z,etRh∗(K)(4.6.4)
= η−1Y,etRg∗Rh∗(K) = η
−1
Y,etRf∗(K).
Corollary 4.7. Let K• be an object of D+c-tor(X
log
et ). Then the adjunction morphism
K• −→ Rηet∗(η−1et (K•))
is an isomorphism. Consequently (1.2) (2) holds.
Proof. We may assume that K• is a constructible torsion abelian sheaf K in X˜ loget .
We may assume that
◦
X is quasi-compact. By (4.6), for any object U ∈ X loget ,
Hp((˜Uan)
log
et , η
−1
et (K|U )) = Hp(U˜ loget ,K|U ) (p ∈ N). Hence ηet∗(η−1et (K)) = K and
Rpηet∗(η
−1
et (K)) = 0 for p > 0 (cf. [M, III (2.11) (a)]).
Corollary 4.8 ([KN, (2.6)]). Let K• be an object of D+c-tor(X
log
et ). Then the ad-
junction morphism
K• −→ Rηlog∗ (ηlog,−1(K•))
is an isomorphism. Consequently (1.1) holds.
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Proof. (4.8) immediately follows from the following equality
(4.8.1) ηlog = ηet ◦ β,
and from (4.2), (3.6), (3.7) and (4.7).
Though we do not use the log proper base change theorem ([Nak1, (5.1)]) nor the
following analytic log proper base change theorem in the proof of (4.6), we may use
them (however we shall not use them in this paper).
Theorem 4.9 (Analytic log proper base change theorem). Let
X4
g′−−−−→ X1
f ′
y
yf
X3
g−−−−→ X2
be a cartesian diagram of fs log analytic spaces over C. Assume that
◦
f is proper
and that the condition in [Nak1, (5.1)] holds, that is, for any two points x1 ∈
◦
X1 and
x3 ∈
◦
X3 lying over a point x2 ∈
◦
X2, and for Pi := (MXi/O∗Xi)xi , the inverse image of
P1⊕P3 by the morphism P gp2 ∋ a 7−→ (a, a−1) ∈ P gp1 ⊕P gp3 is {1}. Then, for a bounded
below complex K• of abelian sheaves in (X˜1)
log
et whose cohomology sheaves are torsion,
the base change morphism g−1Rf∗(K
•) −→ Rf ′∗(g′−1(K•)) is an isomorphism.
Proof. We point out only the different points from the proof of [Nak1, (5.1)]. We may
assume that K• is a torsion abelian sheaf K in (X˜1)
log
et .
We consider the case corresponding to [Nak1, Claim (5.2.1)]: assume that g
is strict. Let x2 be a point of
◦
X2. We may assume that X2 has a global chart
P −→ OX2 , where P is an fs monoid. By (2.4), Rqf∗(K)x2(log) = lim−→n,U H
q((X1×X2
U)×Spec(C[P ])an Spec(C[P 1/n])an,K), where
◦
U is an open neighborhood of x2. As in
[Nak1, (5.2.1)], we may assume that the log structure of X2 is trivial. Then, by the
classical proper base change theorem ([Go, II (4.11.1)]), we may assume that
◦
f is the
identity. Then, as in the proof of (4.6), two direct calculations by using the analytic
analogues of [Nak1, (4.6.1)] and [loc. cit. (4.7.1)], we obtain (4.9) when g is strict.
The rest of the proof is the same as that of [Nak1, (5.1)] by replacing Spec(?) in
[loc. cit.] by Spec(?)an.
Remark 4.10. (1) Let g : Z −→ W be a morphism of fs log analytic spaces over C.
Consider the following commutative diagram
Z˜ log
βZ−−−−→ Z˜ loget
glog
y
yg
W˜ log
βW−−−−→ W˜ loget .
Then the example [KN, (2.7)] tells us that the base change morphism
(4.10.1) β−1W Rg∗(K) −→ Rglog∗ (β−1Z (K))
for a constructible torsion abelian sheaf K in Z˜ loget is not an isomorphism in general.
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Let f : X −→ Y be a morphism of fs log schemes whose underlying schemes are
locally of finite type. The difference between the higher direct images of f logan : X˜
log
an −→
Y˜ logan and f : X˜
log
et −→ Y˜ loget pointed out in [loc. cit.] arises from the difference between
those of f logan : X˜
log
an −→ Y˜ logan and fan : (˜Xan)loget −→ (˜Yan)loget .
(2) C. Nakayama has informed me that he and T. Kajiwara have proved that the
base change morphism in [KN, (2.7.1)] is an isomorphism if f is log injective. It is
reasonable to expect that the obvious analytic analogue of this also holds.
(3) I expect that the base change morphism (4.6.2) is an isomorphism even if f is
not necessarily log injective.
(4) Because we introduce the topos Y˜ loget in §2, we can give a proof of [KN, (2.6)] in
(4.8) by using Artin-Grothendieck’s’ base change theorem ([SGA 4-3, XVI (4.1)]) in a
full form and only by using the analytic log Kummer sequence; we have not used the
algebraic log Kummer sequence nor the log exponential sequence in [KN] to obtain
[KN, (2.6)], though we have used the same proof as that of [KN, (1.5)] in the proof
of (3.2).
We conclude this section by giving a logarithmic version of Grauert-Remmert’s
theorem ([GR], [SGA 4-3, XI (4.3)]), which is of independent interest.
Let f : X −→ Y be a morphism of fine log schemes (resp. fine log analytic spaces)
over C. We say that f is finite if the morphism
◦
f :
◦
X −→
◦
Y is finite.
LetM be a finite abelian group. LetX be an fs log scheme overC whose underlying
scheme is locally of finite type over C. Then, by (1.2) (2), we have
(4.10.2) H1(X loget ,M) = H
1((Xan)
log
et ,M),
which makes us expect the following ((4.10.2) immediately follows from the following):
Theorem 4.11 (Log Grauert-Remmert’s theorem). Let X be a fine log scheme
over C whose underlying scheme is locally of finite type over C. Let Fet(X) be the
category of finite log etale coverings over X and Fet(Xan) the similar category for
Xan. Then the functor of analytifications
(4.11.1) Fet(X) ∋ X ′ 7−→ X ′an ∈ Fet(Xan)
gives an equivalence of categories.
Assume furthermore that MX is saturated. Let Fket(X) be the category of finite
log etale coverings of Kummer types over X and Fket(Xan) the similar category for
Xan. Then the functor of analytifications
(4.11.2) Fket(X) ∋ X ′ 7−→ X ′an ∈ Fket(Xan)
gives an equivalence of categories.
Proof. Because the proof for (4.11.2) is similar to that for (4.11.1), we give only the
proof for (4.11.1).
Let X ′ and X ′′ be two objects of Fet(X). For simplicity of notation, set Y := Xan,
Y ′ := X ′an and Y
′′ := X ′′an. Then it is easy to check that the natural map
(4.11.3) HomX(X
′, X ′′) −→ HomY (Y ′, Y ′′)
is injective. Let h be an element of HomY (Y
′, Y ′′). By [SGA 4-3, XI (4.3)] the
morphism
◦
h :
◦
Y ′ −→
◦
Y ′′ is associated to a morphism
◦
g :
◦
X ′ −→
◦
X ′′ of schemes over
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◦X. Let x ∈
◦
X ′(C) be a closed point of
◦
X ′. Let P ′ −→MX′ | ◦
U ′
and P ′′ −→MX′′ | ◦
U ′′
be two charts, where
◦
U ′ and
◦
U ′′ are etale neighborhoods of x and
◦
g(x). Then we have
two composite surjective homomorphisms
P ′gp −→MgpX′,x/O∗X′,x
∼−→MgpY ′,x/O∗Y ′,x
and
P ′′gp −→Mgp
X′′,
◦
g(x)
/O∗
X′′,
◦
g(x)
∼−→Mgp
Y ′′,
◦
h(x)
/O∗
Y ′′,
◦
h(x)
.
Let K ′ ⊂ P ′gp and K ′′ ⊂ P ′′gp be the kernels of the homomorphisms above and
let P ′1 ⊂ P ′gp/K ′ and P ′′1 ⊂ P ′′gp/K ′′ be the inverse images of MY ′,x/O∗Y ′,x and
M
Y ′′,
◦
h(x)
/O∗
Y ′′,
◦
h(x)
, respectively. Then P ′1 and P
′′
1 are also the inverse images of
MX′,x/O∗X′,x and MX′′,◦g(x)/O
∗
X′′,
◦
g(x)
. The morphism h induces a homomorphism
P ′′1 −→ P ′1 and this gives a local chart of h at x and
◦
h(x). By [K, (2.10)], (P ′1)
a| ◦
U ′1
=
MY ′ | ◦
U ′1
and (P ′′1 )
a| ◦
U ′′1
=MY ′′ | ◦
U ′′1
for some etale neighborhoods
◦
U ′1 and
◦
U ′′1 of x and
◦
g(x), respectively, with a morphism
◦
g1 :
◦
U ′1 −→
◦
U ′′1 over
◦
g. Hence we have a morphism
◦
g−11 (MY ′′ | ◦
U ′′1
) −→MY ′ | ◦
U ′1
. Therefore the map (4.11.3) is etale-locally surjective. In
fact, it is surjective since it is injective. Now we have proved that the functor (4.11.1)
is fully faithful.
The rest is to prove that the functor (4.11.1) is essentially surjective. Let Z be an
object of Fet(Y ). Since the problem is local, we may assume that there exists a chart
P −→ Q of the morphism Z −→ Y such that the induced morphism P gp ⊗Z Q −→
Qgp ⊗Z Q is an isomorphism and we may assume that the induced morphism
◦
Z −→
◦
Y ×Spec(C[P ])an Spec(C[Q])an is etale ((2.1)). Then this morphism is finite. Indeed, by
the assumption, the composite morphism
◦
Z −→
◦
Y ×Spec(C[P ])an Spec(C[Q])an −→
◦
Y is
finite. Furthermore, the morphism
◦
Y ×Spec(C[P ])an Spec(C[Q])an −→
◦
Y is separated by
the stability of the separation under the base change in the algebraic case and by the
GAGA of the separation ([SGA 1, XII (3.1)]). Hence, by the obvious analytic analogue
of [EGA II, (6.1.5)], we see that the morphism
◦
Z −→
◦
Y ×Spec(C[P ])an Spec(C[Q])an
is finite. By (2.2) (2),
◦
Z is a finite covering space of
◦
Y ×Spec(C[P ])an Spec(C[Q])an as
topological spaces. Now, by [SGA 4-3, XI (4.3)], there exists a finite etale covering
◦
X ′ −→
◦
X×Spec(C[P ])Spec(C[Q]) such that
◦
X ′an =
◦
Z. Endow
◦
X ′ with the log structure
associated to the morphism Q −→ O ◦
X′
and let X ′ be the resulting log scheme. Then
X ′an = Z.
Remark 4.12. Let X be an fs log scheme over C whose underlying scheme is locally
of finite type over C. Though a finite abelian Galois covering of X logan as topological
spaces is obtained by a finite abelian Galois covering of X by (1.1), I know nothing
about the nonabelian case.
5 Analytic vs. algebraic log Kummer sequences
The aim in this section is to give a commutative diagram (5.2.1) below which compares
the calculations of certain higher direct images by the use of the analytic and algebraic
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log Kummer sequences.
Let X be an fs log scheme over C whose underlying scheme
◦
X is locally of finite
type over C.
Let MX,log be a sheaf of monoids which is associated to the presheaf U 7−→
Γ(U,MU ) (U ∈ X loget ).
Let OX,log be the structure sheaf in X˜ loget . Then we have natural commutative
diagrams
(5.0.1)
ǫ−1et (MX) −−−−→ MX,logy
y
ǫ−1et (OX) −−−−→ OX,log
and
(5.0.2)
η−1et (MX,log) −−−−→ MXan,logy
y
η−1et (OX,log) −−−−→ OXan,log.
Let η∗et(MX,log) ∈ (˜Xan)loget be the associated log structure to the composite morphism
η−1et (MX,log) −→ η−1et (OX,log) −→ OXan,log. Let
(5.0.3) η−1et (MX,log) −→ η∗et(MX,log)
be the natural morphism. Set
(5.0.4) ηlog ∗(MX,log) := β−1Xan(η∗et(MX,log))
by abuse of notation.
Definition 5.1. We call η∗et(MX,log) the analytification of MX,log.
The upper horizontal morphism in (5.0.1) induces a morphism ǫ−1an η
−1
◦
X,et
(MX) −→
η−1et (MX,log). Composing this morphism with the morphism (5.0.3), we have a mor-
phism
(5.1.1) ǫ−1an η
−1
◦
X,et
(MX) −→ η∗et(MX,log).
In fact we have a natural morphism
(5.1.2) ǫ−1an η
∗
◦
X,et
(MX) −→ η∗et(MX,log).
By the upper morphism of (5.0.2), we have a natural morphism
(5.1.3) η∗et(MX,log) −→MXan,log.
By the definition of ηlog ∗(MX,log), by (5.0.3) and by (4.8.1), we have a natural mor-
phism
(5.1.4) ηlog,−1(MX,log) −→ ηlog ∗(MX,log).
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By the definition of ηlog ∗(MX,log), we have the following formula
(5.1.5) ηlog ∗(MX,log)/β−1Xan(O∗Xan,log) = ηlog,−1(MX,log/O∗X,log).
Pulling back the morphism (5.1.1) by the functor β−1Xan , we have a morphism
(5.1.6) ǫ−1cl η
−1(MX) −→ ηlog ∗(MX,log).
Let the notation be as in the beginning of §2. Let γ ◦
Y
:
◦˜
Y et −→
◦˜
Y (6=
◦˜
Y cl) be the
natural morphism of topoi. Let O ◦
Y
be the structure sheaf of the topos
◦˜
Y (6=
◦˜
Y cl).
Because there exists a natural morphism ǫ−1an γ
−1
◦
Xan
(O ◦
Xan
) −→ OXan,log, the morphism
(5.1.6) induces a morphism
(5.1.7) ǫ−1cl η
∗(MX) −→ ηlog ∗(MX,log).
Composing the morphism β−1Xan((5.1.3)) with the morphism above, we obtain the
following morphism
(5.1.8) ǫ−1cl η
∗(MX) −→ β−1Xan(MXan,log).
Let m be a positive integer. Recall the algebraic log Kummer sequence
(5.1.9) 0 −→ (Z/m)(1) −→MgpX,log
m×−→MgpX,log −→ 0
in X˜ loget ([KN, (2.3)]). Then we have the following commutative diagram
(5.1.10)
0 −−−−→ (Z/m)(1) −−−−→ MgpXan,log
m×−−−−→ MgpXan,log −−−−→ 0∥∥∥ (5.1.3)gp
x
x(5.1.3)gp
0 −−−−→ (Z/m)(1) −−−−→ η∗et(MgpX,log)
m×−−−−→ η∗et(MgpX,log) −−−−→ 0∥∥∥ (5.0.3)gp
x
x(5.0.3)gp
0 −−−−→ (Z/m)(1) −−−−→ η−1et (MgpX,log)
m×−−−−→ η−1et (MgpX,log) −−−−→ 0
of exact sequences (the exactness of the middle sequence is easy to check).
Let E be anm-torsion abelian sheaf in
◦˜
Xet. Then Kato and Nakayama have proved
that the log Kummer sequence (5.1.9) gives the following canonical isomorphism ([KN,
(2.4)]):
(5.1.11)
k∧
(MgpX /O∗X)⊗Z E(−k)
∼−→ Rkǫet∗(ǫ−1et (E)) (k ∈ Z≥0).
Here, in (5.1.11), we change the turn of the tensor product in [loc. cit.] because the
cup product is usually taken by the left cup product of a fundamental section (see
[RZ] for example).
Let K• be an object of D+(X loget ). Then we have the following base change mor-
phism
(5.1.12) η−1Rǫet∗(K
•) −→ Rǫcl∗(ηlog,−1(K•)).
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In particular, for a nonnegative integer k, we have the following morphism
(5.1.13) η−1Rkǫet∗(K
•) −→ Rkǫcl∗(ηlog,−1(K•)).
Hence we have a canonical morphism
(5.1.14) Rkǫet∗(K
•) −→ Rη∗(Rkǫcl∗(ηlog,−1(K•))).
Proposition 5.2. Let m be a positive integer and let E be an m-torsion abelian sheaf
in
◦˜
Xet. Let k be a nonnegative integer. Then there exists the following commutative
diagram
(5.2.1)
Rη∗(
∧k
(η∗(MgpX )/O∗Xan)⊗Z η−1(E)(−k))
Rη∗((3.2.1))
∼−−−−−−−−−→ Rη∗(Rkǫcl∗(ǫ−1cl η−1(E)))x
x(5.1.14)
∧k
(MgpX /O∗X)⊗Z E(−k)
(5.1.11)
∼−−−−−−→ Rkǫet∗(ǫ−1et (E)),
where the left vertical morphism above is induced by the adjunction morphism id −→
Rη∗η
−1. Furthermore, if E is constructible, then the left vertical morphism is an
isomorphism.
Proof. As to the commutativity of the diagram (5.2.1), it suffices to prove that the
following diagram is commutative:
(5.2.2)
∧k
(η∗(MgpX )/O∗Xan)⊗Z η−1(E)(−k))
(3.2.1)
∼−−−−−→ Rkǫcl∗(ǫ−1cl η−1(E))∥∥∥
x(5.1.14)
η−1(
∧k
(MgpX /O∗X)⊗Z E(−k))
η−1((5.1.11))
∼−−−−−−−−−→ η−1Rkǫet∗(ǫ−1et (E)),
Using (5.1.10), we have the following commutative diagram of triangles
(5.2.3)
Rǫcl∗((Z/m)(1)) −−−−→ Rǫcl∗(β−1(MgpXan,log))
m×−−−−→ Rǫcl∗(β−1(MgpXan,log))
+1−−−−→∥∥∥
x
x
Rǫcl∗((Z/m)(1)) −−−−→ Rǫcl∗(ηlog,−1(MgpX,log))
m×−−−−→ Rǫcl∗(ηlog,−1(MgpX,log))
+1−−−−→x
x
x
η−1Rǫet∗((Z/m)(1)) −−−−→ η−1Rǫet∗(MgpX,log)
m×−−−−→ η−1Rǫet∗(MgpX,log)
+1−−−−→
(Here we have used the Convention (2).) In particular, we have the commutativity
of the diagram (5.2.2) for the case k = 1 and E = Z/m. We leave the reader to the
detail of the rest of the proof of the commutativity of the diagram (5.2.2) because
it is a routine work by using the Godement resolution of an abelian sheaf in a topos
with enough points and using the definition of the cup product.
Assume now that E is constructible. Since (MgpX /O∗X)⊗Z Z/m is a constructible
torsion abelian sheaf in
◦˜
Xet, the left vertical morphism in (5.2.1) is an isomorphism
by Artin-Grothendieck’s comparison theorem ([SGA 4-3, XVI (4.1)]) as used in the
proof of [KN, (2.6)].
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Remark 5.3. Using some results and some arguments in [KN, (2.6)], using (5.2) but
without using the log exponential sequence in [KN], we can give a proof of [loc. cit.]
again. But we omit it because it resembles the proof in [loc. cit.].
Let
(5.3.1) Rkǫet∗(K
•) −→ Rη ◦
X,et∗
(Rkǫan∗(η
−1
X,et(K
•)))
be an analogous morphism to (5.1.14).
Proposition 5.4. Let m be a positive integer and let E be an m-torsion abelian sheaf
in
◦˜
Xet. Let k be a nonnegative integer. Then the following diagram is commutative:
(5.4.1)
Rη ◦
X,et∗
(
∧k
(η−1◦
X,et∗
(MgpX /O∗X)⊗Z η−1◦
X,et
(E)(−k))
Rη◦
X,et∗
((3.3.1))
∼−−−−−−−−−−−→ Rη ◦
X,et∗
(Rkǫan∗(ǫ
−1
an η
−1
◦
X,et
(E)))
x
x(5.3.1)
∧k
(MgpX /O∗X)⊗Z E(−k)
(5.1.11)
∼−−−−−−→ Rkǫet∗(ǫ−1et (E)).
Furthermore, if E is constructible, then the left vertical morphism is an isomorphism.
Proof. The proof of the commutativity of (5.4.1) is the same as that of the commu-
tativity of (5.2.1). By (4.7) for
◦
X, the left vertical morphism is an isomorphism if E
is constructible.
6 Log exponential sequences
Let the notations be as in §2. Let Y be an fs log analytic space over C. In this
section, introducing a new abelian sheaf L†
Y log
in Y˜ log which is a variant of the sheaf
of logarithms LY log defined in [KN] and using the commutative diagram (5.2.1), we
give a commutative diagram (6.5.1) below which compares the calculations of certain
higher direct images by the use of the log exponential sequence in [loc. cit.] and by
the use of the algebraic log Kummer sequence in [loc. cit.]. We also introduce a new
log exponential sequence which corrects the commutative diagram in [Il, (5.9.1)] (see
(6.8.1) and (6.9) (1) below).
First let us recall the sheaf LY log of logarithms of local sections of ǫ−1cl (MgpY ) in
[KN, (1.4)].
Let ContY log( , T ) be a sheaf in Y˜
log of continuous functions to a commutative
topological group T . For a morphism S −→ T of commutative topological groups, we
have a natural morphism ContY log( , S) −→ ContY log( , T ) of abelian sheaves in Y˜ log.
The sheaf LY log is, by definition, the following fiber product
(6.0.1) LY log := ContY log( ,
√−1R)×exp,Cont
Y log
( ,S1) ǫ
−1
cl (MgpY ).
Then we have an exponential sequence
(6.0.2) 0 −→ Z(1) −→ LY log exp−→ ǫ−1cl (MgpY ) −→ 0
in Y˜ log ([loc. cit., (1.4)]).
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By [KN, (1.5)], for an abelian sheaf E on
◦˜
Y , we have a canonical isomorphism
(6.0.3)
k∧
(MgpY /O∗Y )(−k)⊗Z E
∼−→ Rkǫcl∗(ǫ−1cl (E)) (k ∈ Z≥0).
Next let us define an abelian sheaf L†
Y log
in Y˜ log.
We have a natural morphism
(6.0.4) β−1(MgpY,log) −→ ContY log( , S1)
of abelian sheaves in Y˜ log induced by the natural morphism
(6.0.5) Γ(V,MgpY,log) −→ ContY log(V log, S1) (V ∈ Y loget )
of presheaves on Y log.
Set
(6.0.6) L†
Y log
:= ContY log( ,
√−1R)×exp,Cont
Y log
( ,S1) β
−1(MgpY,log).
Then we have an exponential sequence
(6.0.7) 0 −→ Z(1) −→ L†
Y log
exp−→ β−1(MgpY,log) −→ 0.
Definition 6.1. We call L†
Y log
the sheaf of logarithms of local sections of β−1(MgpY,log).
Lemma 6.2. The natural composite morphism
(6.2.1) C∗
⊂−→ β−1(MgpY,log) −→ ContY log( , S1)
of abelian sheaves in Y˜ log is induced by the map c 7−→ c/|c| (c ∈ C∗).
Proof. The proof of (6.2) is clear because, for any object V of Y loget , C
∗ ⊂ O∗V,x for
any point x of
◦
V .
Lemma 6.3. For a positive integer m, the multiplication morphism
(6.3.1) m× : L†
Y log
−→ L†
Y log
is an isomorphism.
Proof. First we show the injectivity of (6.3.1). Let (a, s) (a ∈ √−1R, s ∈ β−1(MgpY,log))
be a local section of L†
Y log
such that m(a, s) = 0. Then a = 0 and s ∈ (Z/m)(1). By
(6.2), we see that s = 1. Hence the morphism (6.3.1) is injective.
Next we show the surjectivity of (6.3.1). For an object U of Y log, let (a, u) (a ∈√−1R, u ∈ Γ(U, β−1(MgpY,log))) be a section of Γ(U,L†Y log ). We may assume that u ∈
Γ(U, β−1(MY,log)). Since MY,log is m-divisible by (3.1) and since the functor β−1 is
right-exact, there exists a section vλ of Γ(Uλ, β
−1(MY,log)) for some covering (Uλ −→
U)λ of U in Y
log such that vmλ = u|Uλ . Let wλ be the image of vλ in ContY log(Uλ, S1).
Then ζλ := wλ exp(−m−1a) is an m-th root of unity. Hence (m−1a, vλζ−1λ ) is indeed
an element of Γ(Uλ,L†Y log ) by (6.2), and m(m−1a, vλζ−1λ ) = (a, u)|Uλ . Hence the
morphism (6.3.1) is surjective.
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Proposition 6.4. Let E be an abelian sheaf in
◦˜
Y . Then the following diagram
(6.4.1)
∧k
(MgpY /O∗Y )(−k)⊗Z E
(6.0.3)
∼−−−−−→ Rkǫcl∗(ǫ−1cl (E))
id⊗exp(m−1×)
⊗k
⊗proj
y
y
∧k
(MgpY /O∗Y )⊗Z (Z/m)(−k)⊗Z (E/mE)
(3.2.1)
∼−−−−−→ Rkǫcl∗(ǫ−1cl (E/mE))
is commutative for k ∈ Z≥0.
Proof. By (6.3) we obtain a well-defined morphism
(6.4.2) exp(m−1×) : L†
Y log
−→ β−1(MgpY,log).
Since (2π
√−1n/m, exp(2π√−1n/m)) (n ∈ Z) is a section of L†
Y log
by (6.2),
m−1(2π
√−1n, 1) = (2π√−1n/m, exp(2π√−1n/m)).
Hence we obtain the following commutative diagram
(6.4.3)
0 −−−−→ Z(1) −−−−→ LY log exp−−−−→ ǫ−1cl (MgpY ) −−−−→ 0∥∥∥
y
y(3.1.2)gp
0 −−−−→ Z(1) −−−−→ L†
Y log
exp−−−−→ β−1(MgpY,log) −−−−→ 0
exp(m−1×)
y exp(m−1×)
y
∥∥∥
0 −−−−→ (Z/m)(1) −−−−→ β−1(MgpY,log)
m×−−−−→ β−1(MgpY,log) −−−−→ 0
of exact sequences. (6.4) immediately follows from the commutative diagram (6.4.3)
and from the definitions of the isomorphisms (6.0.3) and (3.2.1).
Corollary 6.5. Let X be an fs log scheme over C whose underlying scheme
◦
X is
locally of finite type over C. Let m be a positive integer. Let E be an m-torsion
abelian sheaf in
◦˜
Xet. Then the following diagram is commutative:
(6.5.1)
Rη∗(
∧k
(η∗(MgpX )/O∗Xan)⊗Z η−1(E)(−k))
Rη∗((6.0.3))
∼−−−−−−−−−→ Rη∗(Rkǫcl∗(ǫ−1cl η−1(E)))
Rη∗(id⊗id⊗exp(m
−1×))
y≃
∥∥∥
Rη∗(
∧k(η∗(MgpX )/O∗Xan)⊗Z η−1(E)(−k))
Rη∗((3.2.1))
∼−−−−−−−−−→ Rη∗(Rkǫcl∗(ǫ−1cl η−1(E)))x
x
∧k
(MgpX /O∗X)⊗Z E(−k)
(5.1.11)
∼−−−−−−→ Rkǫet∗(ǫ−1et (E)).
Proof. By (6.4) we obtain the upper commutative diagram; the lower one is nothing
but the commutative diagram (5.2.1).
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Lastly we point out the mistakes in the proof of [Il, (5.9)] and we correct them.
In the proof of [Il, (5.9)], it is claimed that LXlogan is uniquely divisible by a pos-
itive integer m for an fs log scheme X over C whose underlying scheme is locally
of finite type over C. However the divisibility does not hold for m ≥ 2. Indeed, if
LXlogan were m-divisible, then ǫ
−1
cl (MgpXan) would also be by the exponential sequence
(6.0.2). Consequently ǫ−1cl (MgpXan/O∗Xan) would also be m-divisible. Clearly this does
not hold in general. Indeed, let X be the log point s = (SpecC,N ⊕ C∗). Then
ǫ−1cl (MgpXan/O∗Xan) = ǫ−1cl (Z) = Z. Therefore the proof of [Il, (5.9)] is mistaken.
I think that there does not exist the natural morphism τ−1(Mgp) −→ η−1(MgpXket)
in the commutative diagram [Il, (5.9.1)] (I think that there does not exist a useful
direct relation between the log exponential sequence in [KN] and the algebraic log
Kummer sequence in [loc. cit.]): consider the trivial log case. ThenMgp in [Il, (5.9.1)]
is the multiplicative group of the sheaf of germs of invertible holomorphic functions
on Xan (not the sheaf of invertible algebraic functions on X) and the morphism
τ−1(Mgp) −→ η−1(MgpXket) is a morphism from an analytic sheaf to an algebraic
sheaf. Usually such a morphism does not naturally exist except the trivial morphism.
Let us give a right commutative diagram in (6.8.1) below (see also (6.9) (1) below).
Let the notations be as in §5. Then we have a natural morphism
(6.5.2) ηlog,−1(MgpX,log) −→ ContXlogan ( , S
1)
induced by the natural morphisms Γ(U,MgpX,log) −→ ContXlogan (U logan , S1) of abelian
presheaves for objects U ’s of X loget . Set
(6.5.3) L−1
Xlogan
= ContXlogan ( ,
√−1R)×exp,Cont
X
log
an
( ,S1) η
log,−1(MgpX,log).
Then we have an exponential sequence
(6.5.4) 0 −→ Z(1) −→ L−1
Xlogan
exp−→ ηlog,−1(MgpX,log) −→ 0.
Let us also recall ηlog ∗(MgpX,log) in (5.0.4). We have a natural morphism
(6.5.5) ηlog ∗(MgpX,log) −→ ContXlogan ( , S
1)
induced by the natural morphism
Γ(U,MgpX,log) −→ ContXlogan (U
log
an , S
1)
of abelian presheaves for objects U ’s of X loget and by the following morphism
Γ(V,O∗Xan,log) ∋ f 7−→ ((x, h) 7−→ f(x)/|f(x)|) ∈ ContXlogan (V
log, S1)
of abelian presheaves for objects V ’s of (Xan)
log
et . Here x is a point of
◦
V and h : MgpV,x −→
S1 is a morphism of groups such that h(g) = g(x)/|g(x)| for any g ∈ O∗V,x. Set
(6.5.6) L∗
Xlogan
:= ContXlogan ( ,
√−1R)×exp,Cont
X
log
an
( ,S1) η
log ∗(MgpX,log).
Then we have an exponential sequence
(6.5.7) 0 −→ Z(1) −→ L∗
Xlogan
exp−→ ηlog ∗(MgpX,log) −→ 0.
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Definition 6.6. Let ♮ be −1 or ∗. We call L♮
Xlogan
the sheaf of logarithms of local
sections of ηlog ♮(MgpX,log).
Lemma 6.7. (1) The natural composite morphism
(6.7.1) C∗
⊂−→ ηlog ♮(MgpX,log) −→ ContXlogan ( , S
1)
of abelian sheaves in X˜ logan is induced by the map c 7−→ c/|c| (c ∈ C∗).
(2) For a positive integer m, the multiplication morphism
(6.7.2) m× : L♮
Xlogan
−→ L♮
Xlogan
is an isomorphism.
Proof. The proof of (1) (resp. (2)) is the same as that of (6.2) (resp. (6.3)).
By (6.7) (2) we obtain a well-defined morphism
(6.7.3) exp(m−1×) : L♮
Xlogan
−→ ηlog ♮(MgpX,log)
and the following commutative diagram
(6.7.4)
0 −−−−→ Z(1) −−−−→ L♮
Xlogan
exp−−−−→ ηlog ♮(MgpX,log) −−−−→ 0
exp(m−1×)
y exp(m−1×)
y
∥∥∥
0 −−−−→ (Z/m)(1) −−−−→ ηlog ♮(MgpX,log)
m×−−−−→ ηlog ♮(MgpX,log) −−−−→ 0
of exact sequences.
As a summary, we obtain the following:
Proposition 6.8. There exists the following commutative diagram
(6.8.1)
0 −−−−→ Z(1) −−−−→ LXlogan
exp−−−−→ ǫ−1cl (η∗(MgpX )) −−−−→ 0∥∥∥
y
y(5.1.8)gp
0 −−−−→ Z(1) −−−−→ L†
Xlogan
exp−−−−→ β−1(MgpXan,log) −−−−→ 0∥∥∥
x
xβ−1((5.1.3)gp)
0 −−−−→ Z(1) −−−−→ L∗
Xlogan
exp−−−−→ ηlog ∗(MgpX,log) −−−−→ 0∥∥∥
x
x(5.1.4)gp
0 −−−−→ Z(1) −−−−→ L−1
Xlogan
exp−−−−→ ηlog,−1(MgpX,log) −−−−→ 0
exp(m−1×)
y exp(m−1×)
y
∥∥∥
0 −−−−→ (Z/m)(1) −−−−→ ηlog,−1(MgpX,log)
m×−−−−→ ηlog,−1(MgpX,log) −−−−→ 0
of exact sequences.
Remark 6.9. (1) Using the morphism (5.1.7), we can delete the second exact se-
quence in (6.8.1).
(2) Using the commutative diagram (6.8.1) (or the commutative diagram obtained
in (1)), we can give a proof of [KN, (2.6)].
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